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LIFTING PARTIAL ACTIONS: FROM GROUPS TO GROUPOIDS
DIRCEU BAGIO, ANTONIO PAQUES, AND HE´CTOR PINEDO
Abstract. In this paper we are interested in the study of the existence of connec-
tions between partial groupoid actions and partial group actions. Precisely, we prove
that there exists a datum connecting a partial action of a connected groupoid and a
partial action of any of its isotropy groups. Furthermore, it will be proved that under
a suitable condition the partial skew groupoid ring corresponding to a partial action
by a connected groupoid is isomorphic to a specific partial skew group ring. We also
present a Morita theory and a Galois theory related to these partial actions as well as
considerations about the strictness of the corresponding Morita contexts. Semisimplic-
ity, separability and Frobenius properties of the corresponding partial skew groupoid
rings are also considered.
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1. Introduction
This paper is motivated by the following three well known facts:
i) any groupoid is a disjoint union of its connected components;
ii) any groupoid action is uniquely determined by the respective actions of its con-
nected components;
iii) any connected groupoid is equivalent to a group as categories.
Therefore it is natural to expect some kind of connection between groupoid actions
and group actions and it is enough to investigate this in the connected case. Our aim
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in this paper is to investigate the connections between such both concepts in the most
general setting of partial actions.
Throughout this work, by ring we mean an associative and not necessarily unital ring.
According to [BP] a partial action of a groupoid G on a ring A is a set α =
(
Ag, αg
)
g∈G
where, for all g ∈ G, Ag is an ideal of At(g) (t(g) = gg
−1), At(g) is an ideal of A
and αg : Ag−1 → Ag is a ring isomorphism, for which some appropriate conditions of
compatibility hold.
In the case that G is connected α gives rise to a specific datum. To construct such a
datum we start by fixing an object x of G and a set τ(x) whose elements are obtained
picking up one unique morphism τy : x→ y for each object y of G (notice that τy always
exists for G is connected). The datum arisen from α is then the triple
(
Aα, ατ(x), α(x)
)
where Aα denotes the set of the ideals Ay indexed by the objects of G, ατ(x) denotes the
set of the ring isomorphisms ατy : Aτ−1y → Aτy for all τy ∈ τ(x) and α(x) denotes the
partial action of the isotropy group G(x) of G associated to the object x on the ideal
Ax of A. This correspondence α 7→
(
Aα, ατ(x), α(x)
)
gives rise to a functor from the
category of all partial actions of G on A to the category of all data of this type.
Our main purpose in this paper is indeed to show how to construct partial actions
of G on A coming from datum of the type above described, the so called lifted partial
groupoid actions.
In the next section we recall the respective formal definitions of (connected) groupoid
and partial groupoid action, and detailing the fact that every groupoid is a disjoint union
of its connected components.
From the section 3 on we restrict our study to the partial actions by connected
groupoids.
In section 3 we introduce the category Gpar(A) of all partial actions of G on A, the
category Dτ(x)(A), whose objects are datum of the type above described, and establish
the right conditions for the existence of a good correlation between them via appropriate
functors. As consequence we show that any partial groupoid action is an extension of
a lifted one (see Proposition 3.5 (i)). We also prove that the category Dτ(x)(A) is
independent of the choice of the object x of ∈ G as well as of its transversal τ(x) (see
Theorem 3.2). We exploit exhaustively such a correlation in the ensuing sections.
In section 4 we discuss the necessary and sufficient conditions for a lifted partial
groupoid action to be globalizable. In particular we introduce the notion of a globaliz-
able datum and describe in details the globalization of the corresponding lifted partial
groupoid action (see Theorem 4.3).
Again according to [BP] any unital partial action α of a groupoid G on a ring A gives
rise, as expected, to two new rings, namely, the ring Aα of the invariants of A under α and
the partial skew groupoid ring A ⋆α G, as well as a canonical Morita context connecting
them. Such a context keeps a close relation with the notion of Galois extension. In fact,
the condition to ensure that A is a Galois extension of Aα depends on the strictness of
this context. Actually, by [BP] Theorem 5.3, such a strictness is equivalent to A being
a Galois of Aα and a specific map, called trace, from A to Aα being surjective. Sections
5, 6 and 7 are dedicated to dealing with all these mentioned concepts.
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Section 5 concerns to the partial skew groupoid ring A ⋆α G. We prove, under an
appropriate condition, the existence of a ring isomorphism between A ⋆α G and the
partial skew group ring (A ⋆α∗ G
2
0) ⋆θ G(x), where G0 denotes the set of the objects of G,
G20 = G0 × G0 is a groupoid whose structure is standard and well known, α
∗ is a global
action of G20 on A and θ is a partial group action of G(x) on A ⋆α∗ G
2
0 (see Theorem
5.4). Also, we specialize such condition to the case of lifted partial groupoid actions (see
Proposition 5.5).
In sections 6, 7 and 8 we restrict our study only to the lifted partial groupoid actions.
In section 6 we recall the notions of invariants and trace map and discuss their properties
and correlations (see Theorem 6.4).
Section 7 is devoted to the Morita theory related to lifted partial groupoid actions.
More specifically, we construct Morita contexts connecting rings of invariants and partial
skew groupoid rings and make considerations on their strictness. In particular we show
how closed are the corresponding Morita and Galois theories (see Theorem 7.6).
Finally we end this manuscript with the section 8, where we deal with ring theoret-
ics properties such the semisimplicity, separability and Frobenius of the partial skew
groupoid ring corresponding to a lifted partial groupoid action (see Theorems 8.2 and
8.4, and Corollary 8.3).
2. Preliminaries
As preliminaries we firstly recall from the literature the notions of groupoid, connected
groupoid and partial groupoid action and, in the sequel, we show how a groupoid G
can be decomposed in a disjoint union of connected ones. Via such a decomposition it
becomes clear that any partial action of G is univocally determined by the partial actions
of its connected components, which reduces the study of partial groupoid actions to the
connected case.
2.1. Groupoids. A groupoid G is a small category where every morphism is an isomor-
phism. As a small category G is composed by a set of morphisms and a set of objects.
Furthermore, to each morphism h of G correspond naturally the objects s(h) and t(h) of
G called the source (or domain) and the target (or range) of h respectively. In particular
each object x of G can be identified with its identity morphism, here also denoted by x.
Hence, any element of G can be seen as a morphism of G and all such considerations can
be summarized in the following presentation
G
s,t
⇒ G0
where G0 denotes the set of the objects of G and s and t the source and the target maps.
The composition in G is the map
m : Gs ×tG → G denoted by m(g, h) = gh,
where
Gs ×tG = {(g, h) ∈ G × G | s(g) = t(h)}.
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In particular it follows from this characterization of a groupoid that indeed
s(g) = g−1g = t(g−1) for all g ∈ G,(1)
s(x) = t(x) = x = x2 for all x ∈ G0,(2)
t(g)g = g = gs(g) for all g ∈ G,(3)
s(gh) = s(h) and t(gh) = t(g), for all (g, h) ∈ Gs×tG.(4)
Such above relations will be freely used along the text.
For each x ∈ G0 we set Sx = {g ∈ G : s(g) = x}, Tx = {g ∈ G : t(g) = x} and
G(x) = Sx ∩ Tx. In particular G(x) is a group, called the isotropy (or principal) group
associated to x.
2.2. Connected groupoids. Let G
s,t
⇒ G0 be as in the previous subsection. Any sub-
groupoidH of G is called connected if for every x, y ∈ H0 the set H(x, y) of all morphisms
from x to y is not empty. Such a notion of connectedness suggests a natural way to ob-
tain a partition of G in connected components via the following equivalence relation on
G0: for any x, y ∈ G0
x ∼ y ⇔ G(x, y) 6= ∅,
that is, if and only if there exists g ∈ G such that s(g) = x and t(g) = y.
Every equivalence class X ∈ G0/∼ determines a full connected subgroupoid GX
s,t
⇒ X
of G, which is also called a connected component of G. It is immediate to see that
G = ∪˙X∈G0/∼GX
(where the symbol ∪˙ denotes a disjoint union).
2.3. Partial groupoid action. According to [BP], a partial action of a groupoid G on
a ring A is a pair α = (Ag, αg)g∈G where, for each g ∈ G, At(g) is an ideal of A, Ag is an
ideal of At(g), αg : Ag−1 → Ag is an isomorphism of rings, and the following conditions
hold:
αx is the identity map of Ax,(5)
αgαh ≤ αgh,(6)
for all x ∈ G0 and (g, h) ∈ Gs× tG. We say that α is global if αgαh = αgh, for all
(g, h) ∈ Gs×tG.
The condition (6) above means that αgh is an extension of αgαh, that is, the domain
A(gh)−1 of αgh contains the domain α
−1
h (Ag−1 ∩Ah) of αgαh, and both the maps coincide
on this last set.
Notice also that α induces by restriction a partial action α(x) = (Ag, αg)g∈G(x) of the
group G(x) on the ring Ax, for all x ∈ G0.
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Lemma 1.1 from [BP] gives some complementary properties of partial groupoid ac-
tions, enumerated below, that will also be useful in the sequel.
α is global if and only if Ag = At(g), for all g ∈ G,(7)
αg−1 = α
−1
g , for all g ∈ G,(8)
αg(Ag−1 ∩Ah) = Ag ∩Agh, for all (g, h) ∈ Gs×tG.(9)
Remark 2.1. It is clear that given any two disjoint groupoids G′
s,t
⇒ G′0 and G
′′
s,t
⇒ G′′0
one always can form the groupoid G = G′ ∪ G′′
s,t
⇒ G0 = G
′
0 ∪ G
′′
0 , whose composition is
induced in an obvious way by the compositions in G′ and G′′ respectively. Furthermore, it
is also straightforward to check that partial actions of G on a ring A induce by restriction
partial actions of G′ and G′′ on A and, conversely, they are univocally determined by the
partial actions of G′ and G′′ on A. Therefore, it follows from the subsection 2.2 that the
study of partial groupoid actions reduces to the connected case.
3. Lifting partial group actions
From now on by G
s,t
⇒ G0 we will always denote a connected groupoid and by A a ring
on which G acts partially. Recalling notations,
G(x, y) = {g ∈ G | s(g) = x and t(g) = y} = Sx ∩ Ty
and, in particular,
G(x, x) = Sx ∩ Tx = G(x),
for all x, y ∈ G0. Furthermore, recall that the identity map of each object y ∈ G0 is also
denoted by y.
Hereafter, let x ∈ G0 be a fixed object of G. Now consider on Sx the following
equivalence relation: g ≡x l⇔ l
−1g ∈ G(x)⇔ t(g) = t(l). A transversal for ≡x such that
τx = x will be called a transversal for x and denoted by τ(x), that is, τ(x) = {τy : y ∈ G0}
where τy is a chosen morphism in G(x, y), for each y ∈ G0 with τx = x.
Observe that any tranversal τ(x) determines a natural map π from G to G(x) that
associates to each element g ∈ G a unique element gx ∈ G(x) via the following formula
π(g) = gx = τ
−1
t(g)gτs(g),(10)
illustrated by the following diagram
s(g)
g // t(g)
τ−1
t(g)}}⑤⑤
⑤⑤
⑤⑤
⑤⑤
x
τs(g)
aa❈❈❈❈❈❈❈❈
Lemma 3.1. π is a groupoid epimorphism such that
π(τ(x)) = {x} and π(h) = h, for all h ∈ G(x).(11)
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Proof. Observe that π(G0) = {x}. Indeed,
yx = τ
−1
t(y)yτs(y)
(2)
= τ−1y yτy = τ
−1
y τy = x.
Moreover, for all g, h ∈ G such that s(g) = t(h), we have
(gh)x = τ
−1
t(gh)ghτs(gh)
(4)
= τ−1t(g)ghτs(h)
= τ−1t(g)g(τt(h)τ
−1
t(h))hτs(h)
= (τ−1t(g)gτs(g))(τ
−1
t(h)hτs(h))
= gxhx.
Also, for all y ∈ G0,
(τy)x = τ
−1
t(τy)
τyτs(τy) = τ
−1
y τyτx
(1)
= s(τy)τx = xτx = x
2 (2)= x.
Finally, if h ∈ G(x) then
hx = τ
−1
t(h)hτs(h) = τ
−1
x hτx = xhx = h.

3.1. The category Gpar(A). We will denote by Gpar(A) the category whose objects are
partial actions of G on a fixed ring A and whose morphisms are defined as follows. Given
α = (Ag, αg)g∈G and α
′ = (A′g, α
′
g)g∈G in Gpar(A), a morphism ψ : α→ α
′ is a set of ring
homomorphisms ψ = {ψy : Ay → A
′
y}y∈G0 such that
(a) ψt(g)(Ag) ⊆ A
′
g,
(b) α′gψs(g) = ψt(g)αg in Ag−1 ,
for all g ∈ G.
Observe now that any pair (α, τ(x)), where α = (Ag, αg)g∈G ∈ Gpar(A) and τ(x) is a
transversal for x, determines the following datum:
◦ a set of ideals of A: Aα = {Ay}y∈G0 ,
◦ a set of ring isomorphisms ατ(x) = {ατy : Aτ−1y → Aτy}y∈G0 and
◦ a partial group action α(x) = (Ag, αg)g∈G(x) of G(x) on Ax.
Moreover, since t(τy) = y (resp., t(τ
−1
y ) = x), then Aτy (resp., Aτ−1y ) is an ideal of Ay
(resp., Ax), for all y ∈ G0. In particular, Aτ−1x = Aτx = Ax and ατx = αx is the identity
map of Ax by (5).
Finally, observe that
ατt(g)(Aτ−1
t(g)
∩ αgx(Aτ−1
s(g)
∩Ag−1x ))
(9)
= ατt(g)(Aτ−1
t(g)
∩Aτ−1
t(g)
g ∩Agx)
(9)
= Aτt(g) ∩Ag ∩Agτs(g) ,
which is an ideal of At(g), for all g ∈ G.
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This suggests the existence of a new category, named here a data category, which we
will describe below.
3.2. The category Dτ(x)(A). To describe the data category Dτ(x)(A), with τ(x) a fixed
transversal, our inspiration is the datum we point out in the previous subsection. The
objects of Dτ(x)(A) are given by datum of the following type:
(a) a set of ideals of A: I = {Iy}y∈G0 ,
(b) a set of ring isomorphisms: γτ(x) = {γτy : Iτ−1y → Iτy}y∈G0 and
(c) a partial group action γ(x) = (Ig, γg)g∈G(x) of G(x) on Ix,
under the additional assumptions
(d) γx = γτx is the identity map of Ix = Iτx ,
(e) Iτy (resp., Iτ−1y ) is an ideal of It(τy) = Iy (resp., It(τ−1y ) = Ix), for all y ∈ G0,
(f) γτt(g)(Iτ−1
t(g)
∩ γgx(Iτ−1
s(g)
∩ Ig−1x )) is an ideal of It(g), for all g ∈ G.
For each such a datum we denote the corresponding object of Dτ(x)(A) by the triple
(I, γτ(x), γ(x)). The morphisms of Dτ(x)(A) are given by sets of ring homomorphisms
denoted and described as follows:
f = {fy}y∈G0 : (I, γτ(x), γ(x))→ (I
′, γ′τ(x), γ
′
(x))
where
◦ for each y ∈ G0, fy : Iy → I
′
y is a ring homomorphism such that
fy(Iτy ) ⊆ I
′
τy (if y 6= x), fx(Iτ−1y ) ⊆ I
′
τ−1y
and γ′τyfx = fyγτy .
◦ fx : γ(x) → γ
′
(x) is a morphism of partial group actions, i. e, fx : Ix → I
′
x satisfies
fx(Ih) ⊆ I
′
h, γ
′
hfx = fxγh in Ih−1 , for all h ∈ G(x).
Now, we prove that the category Dτ(x)(A) does not depend neither on the choice of
the object x ∈ G0, nor on the choice of the transversal τ(x) of x.
Proposition 3.2. Dτ(x)(A) and Dλ(z)(A) are isomorphic as categories, for all x, z ∈ G0
and their respective transversals τ(x) and λ(z).
Proof. We start by defining the functor F
λ(z)
τ(x) : Dτ(x)(A) → Dλ(z)(A), its reverse is
defined similarly.
Firstly the correspondence between the objects: to each γ = (I, γτ(x), γ(x)) ∈ Dτ(x)(A)
we associate γ′ = (I ′, γ′τ(x), γ
′
(z)) ∈ Dλ(z)(A) chosen in the following way:
◦ if I = {Iy}y∈G0 we take I
′ = {I ′y}y∈G0 such that I
′
z = Ix, I
′
x = Iz and I
′
y = Iy for all
y /∈ {x, z},
◦ if γτ(x) = {γτy : Iτ−1y → Iτy}y∈G0 we take γ
′
λ(z) = {γ
′
λz
: I ′
λ−1z
→ I ′λz}z∈G0 such that
γ′z = γ
′
λz
= γτ(x) = γx, γ
′
λx
= γτz and γ
′
λy
= γτy for all y /∈ {z, x},
◦ if γ(x) = (Ih, γh)h∈G(x) we take γ
′
(x) = (I
′
l , γ
′
l)l∈G(z) such that I
′
l = Iφ(l), γ
′
l = γφ(l) for
all l ∈ G(z), where φ : G(z)→ G(x) is the group isomorphism defined by l 7→ τ−1z lτz.
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Now the correspondence between the morphisms: for a morphism (fy, f
(x)) : γ → δ in
Dτ(x)(A) we associate the morphism (f
′
y, f
′(z)) : γ′ → δ′ in Dλ(z)(A), given by f
′(z) = f (x),
f ′x = fz and f
′
y = fy for all y /∈ {x, z}.
This way we have got the functors F
λ(z)
τ(x) and F
τ(x)
λ(z) . It is straightforward to check that
the compositions F
τ(x)
λ(z) ◦F
λ(z)
τ(x) and F
λ(z)
τ(x) ◦F
τ(x)
λ(z) are respectively the identity functors of
Dτ(x)(A) and Dλ(z)(A). 
3.3. The functors Fτ(x) and Gτ(x). Our purpose in this subsection is to find functors
relating both the categories Gpar(A) and Dτ(x)(A). It is easy to see from the subsection
3.1 that the association Fτ(x) : Gpar(A)→ Dτ(x)(A) given by
α 7−→ (Aα, ατ(x), α(x)),
α
ψ
−→ α′ 7−→ Fτ(x)(α)
Fτ(x)(ψ)
−→ Fτ(x)(α
′), where Fτ(x)(ψ) = {ψy}y∈G0 ,
is indeed a functor.
For the reverse functor, given a triple (I, γτ(x), γ(x)) we set β = (Bg, βg)g∈G , where
each βg is the following ring isomorphism
(12) βg =
{
the identity map of Iy, if g = y ∈ G0,
γτt(g) ◦ γgx ◦ γ
−1
τs(g)
, if g /∈ G0.
and each Bg is taken as the range of βg, for all g ∈ G.
In order to completely understand (12) it is convenient to recall how are defined the
domain and the range of a composition of two partial bijections. Notice that the maps
in (12) are partial bijections of A. In general, if u and v are two given partial bijections
of a non empty set, the domain and the range of the composition u ◦ v are respectively
defined as follows:
dom(u ◦ v) = v−1(dom(u) ∩ ran(v)) and ran(u ◦ v) = u(dom(u) ∩ ran(v)).
In the specific case of (12) we have
Bg =
{
Iy, if g = y ∈ G0,
γτt(g)(Iτ−1
t(g)
∩ γgx(Iτ−1
s(g)
∩ Ig−1x )), if g /∈ G0.
(13)
Theorem 3.3. The pair β = (Bg, βg)g∈G constructed above is an object in the category
Gpar(A).
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Proof. Take g, h /∈ G0 such that s(g) = t(h). Then, by restriction to the domain of βgβh
we have the following inequalities
βgβh = γτt(g)γgxγ
−1
τs(g)
γτt(h)γhxγ
−1
τs(h)
≤ γτt(g)γgxγhxγ
−1
τs(h)
(∗)
≤ γτt(g)γgxhxγ
−1
τs(h)
(10)
= γτt(g)γ(gh)xγ
−1
τs(h)
(4)
= γτt(gh)γ(gh)xγ
−1
τs(gh)
= βgh.
Notice that (∗) holds for follows for γ is a partial group action of G(x) over Ix. Since
dom(βgβh) ⊆ dom(βgh), we obtain βgβh ≤ βgh.
If h = y ∈ G0 (resp. g = y ∈ G0 ) and s(g) = y (resp. t(h) = y) then βgβh = βg = βgh
(resp. βgβh = βh = βgh). When g = h = y ∈ G0, we have βgβh = βy = βgh.
By assumption, By = Iy is an ideal of A and Bg is an ideal of Bt(g) = It(g), for all
y ∈ G0 and g /∈ G0. 
Remark 3.4. It is clear from (12) and (13) that βg = γg and Bg = Ig for all g ∈ G(x),
that is, β(x) = γ(x). Thence, any partial action β = (Bg, βg)g∈G of G on A, constructed as
above from a given datum γ = (I, γτ(x), γ(x)), will be referred as a lifted partial groupoid
action.
By Theorem 3.3, the association Gτ(x) : Dτ(x)(A)→ Gpar(A) given by
Gτ(x)((I, γτ(x), γ(x))) = β = (Bg, βg)g∈G , (see (12) and (13))
Gτ(x)((fy, f
(x))y∈G0) = {fy}y∈G0 ,
is a functor.
The next result establishes the relation between the functors Fτ(x) and Gτ(x).
Proposition 3.5. Let Fτ(x) and Gτ(x) be the functors constructed above.
(i) If α = (Ag, αg)g∈G ∈ Gpar(A) and β = Gτ(x)◦Fτ(x)(α) then β ≤ α, that is, βg ≤ αg,
for all g ∈ G. Moreover, β = α if and only if Ag ⊂ Aτt(g) ∩Agτs(g) , for all g /∈ G0.
(ii) Fτ(x) is a left inverse functor of Gτ(x), that is, Fτ(x) ◦ Gτ(x)(γ) = γ, for all γ ∈
Dτ(x)(A).
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Proof. Observe that for g /∈ G0 we have
βg
(12)
= ατt(g) ◦ αgx ◦ ατ−1
s(g)
(10)
= ατt(g) ◦ ατ−1
t(g)
gτs(g)
◦ ατ−1
s(g)
(6)
≤ ατt(g)τ−1t(g)gτs(g)τ
−1
s(g)
= αg.
If g = y ∈ G0, then it is immediate that βg = βy = αy = αg and the first part of (i)
follows. Since
Bg
(13)
= ατt(g)(Aτ−1
t(g)
∩ αgx(Aτ−1
s(g)
∩Ag−1x ))
(9)
= ατt(g)(Aτ−1
t(g)
∩Agxτ−1s(g)
∩Agx)
(10)
= ατt(g)(Aτ−1
t(g)
∩Aτ−1
t(g)
g ∩Agx)
(9)
= Aτt(g) ∩Ag ∩Aτt(g)gx
(10)
= Ag ∩ (Aτt(g) ∩Agτs(g)),
for all g /∈ G0, we obtain the second part of (i). The item (ii) is easily checked using the
definitions of Gτ(x) and Fτ(x). 
A partial action α = (Ag, αg)g∈G of G on A will be called τ(x)-global if
Aτ−1y = Ax and Aτy = Ay, for all y ∈ G0.(14)
Clearly, any global action of G on A is τ(x)-global. We present below an example of
a partial (not global) groupoid action which is τ(x)-global.
Example 3.6. Let G = {g, h, l,m, l−1,m−1} ⇒ {x, y} = G0 be the groupoid given in
Example 3.9 and A = Ce1 ⊕ Ce2 ⊕ Ce3 ⊕ Ce4, where C denotes the complex number
field. Consider the partial action
(
Az, αz
)
z∈G
of G on A described bellow:
Ax = Ce1 ⊕ Ce2 = Al−1 , Ay = Ce3 ⊕ Ce4 = Al,
Ag = Ce1 = Ag−1 = Am−1 , Am = Ah = Ce3 = Ah−1 ,
and
αx = idAx , αy = idAy , αg : ae1 7→ ae1, αh : ae3 7→ ae3, αm : ae1 7→ ae3,
αm−1 : ae3 7→ ae1, αl : ae1 + be2 7→ ae3 + be4, αl−1 : ae3 + be4 7→ ae1 + be2,
where a denotes the conjugate of a, for all a ∈ C. It is clear that α satisfies the required
for the transversal τ(x) = {τx = x, τy = l} of x.
Remark 3.7. The notion of partial action τ(x)-global indeed depends on the choice of
the transversal τ(x). Notice that the partial action α of G on A given in the previous
example is τ(x)-global but not λ(x)-global, where λ(x) = {λx = x, λy = m}.
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The full subcategory of Dτ(x)(A) with objects (I, γτ(x), γ(x)) satisfying Iτy = Iy and
Iτ−1y = Ix, for all y ∈ G0, will be denoted by D
gl
τ(x)(A). Also, the full subcategory of
Gpar(A) whose objects are the τ(x)-global actions of G on A will be denoted by G
gl
τ(x)(A).
Corollary 3.8. The categories Gglτ(x)(A) and D
gl
τ(x)(A) are isomorphic.
Proof. Let α = (Ag, αg)g∈G ∈ G
gl
τ(x)(A). Then
Ag = αg(Ag−1 ∩As(g))
(14)
= αg(Ag−1 ∩Aτs(g))
(9)
= Ag ∩Agτs(g)
⊂ At(g) ∩Agτs(g)
= Aτt(g) ∩Agτs(g) ,
for all g ∈ G. It follows from Proposition 3.5 (i) that Gτ(x) ◦ Fτ(x)(α) = α and whence
Fτ(x) is a right inverse of Gτ(x). Using Proposition 3.5 (ii), we conclude the result. 
We end this subsection with a pair of examples to illustrate the construction of a lifted
partial groupoid action.
Example 3.9. Let G = {g, h, l,m, l−1,m−1} ⇒ {x, y} = G0 the groupoid with the
following composition rules
g2 = x, h2 = y, lg = m = hl, g ∈ G(x), h ∈ G(y) and l,m ∈ G(x, y).
The diagram bellow illustrates the structure of G:
x
l // y
h

x
g
OO
m // y
Fix a transversal τ(x) = {τx = x, τy = l} of x, a ring A and J,L, I ideals of A such that
J,L ⊂ I. Fix also ring automorphisms γ and σ of I such that σ(L) = L, σ|L = σ
−1|L
and γ(J) = J . In all what follows idI denotes the identity map of I.
Now take the following datum
(
I, γτ(x), γ(x)
)
, where
◦ {Ix = Iy = I} is the set of the ideals of A indexed by the elements of G0,
◦ γτ(x) = {γτx = γx = idIx = idI , γτy = γl = γ} is the set of the ring isomorphisms,
◦ γ(x) =
(
{Ix = I, Ig = L = Ig−1}, {γx = idIx , γg = σ = γg−1}
)
is the partial action of
G(x) = {x, g} on Ix.
Applying the functor Gτ(x) in the datum
(
I, γτ(x), γ(x)
)
we obtain the following partial
action β = (Bu, βu)u∈G of G on A. Firstly, note that (10) implies that
gx = hx = mx = m
−1
x = g, lx = l
−1
x = xx = yx = x.
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From (12) and (13) it follows that
βx = βy = idI , βg = σ|L = βg−1 , βh = γσγ
−1|γ(J∩σ(J∩L)) = βh−1 ,
βm = γσ : σ(J ∩ L)→ γ(J ∩ L), βm−1 = σγ
−1 : γ(J ∩ L)→ σ(J ∩ L).
Example 3.10. Let A be a unital ring, m be a positive integer and {ei}
m
i=1 a set of
orthogonal idempotents in the center of A whose sum is 1A. Fix i0 ∈ {1, · · · ,m} and
consider a group G acting on Aei0 by ring isomorphisms σg, g ∈ G.
Denote by ΓmG the groupoid having as objects the set {1, · · · ,m} and morphisms
(g, i, j), where g ∈ G and i, j ∈ {1, · · · ,m}. The source and target maps on ΓmG are
s(g, i, j) = j and t(g, i, j) = i, respectively. The composition is given by the rule
(g, i, j)(h, j, k) = (gh, i, k). Clearly, ΓmG is a connected groupoid. Fix the transversal
τ(i0) = {τi = (e, i, i0)}1≤i≤m, where e denotes the identity element of G. Consider the
following datum
(
I, γτ(i0), γ(i0)
)
:
◦ {Ii = Iτi = Aei}1≤i≤m and {Iτ−1i
= Aei0}1≤i≤m is the set of the ideals of A indexed
by the objects of ΓmG ,
◦ γτ(i0) = {γτi = Aei0 ∋ aei 7→ aei0 ∈ Aei} is the set of the ring isomorphisms,
◦ γ(i0) = {γ(g,i0,i0) = σg} is the action of the group Γ
m
G (i0) = {(g, i0, i0) | g ∈ G} on
Aei0 .
Applying the functor Gτ(i0) in the datum
(
I, γτ(i0), γ(i0)
)
we obtain the following global
action β of ΓmG on A:
β(g,i,j) =
{
the identity map of Aei, if (g, i, j) = (e, i, i),
γτi ◦ σg ◦ γ
−1
τj : Aej → Aei, otherwise .
4. Globalization
In this section we study the globalization problem for a lifted partial groupoid action.
We start by recalling that a globalization of a partial action α = (Ag, αg)g∈G of a groupoid
G on a ring A is a pair (A˜, α˜), where A˜ is a ring and α˜ = (A˜g, α˜g)g∈G is a global action
of G on A˜, that satisfies the following properties:
(a) Ay is an ideal of A˜y, for all y ∈ G0,
(b) Ag = At(g) ∩ α˜g(As(g)),
(c) α˜g(a) = αg(a), for all a ∈ Ag−1 ,
(d) A˜g =
∑
t(h)=t(g) α˜h(As(h)), for all g ∈ G.
When α admits a globalization we say that α is globalizable. The globalization of α
is unique, up to isomorphism; see [BP, Section 2] for details.
Theorem 4.1 ([BP], Theorem 2.1). Let α = ({Ag}g∈G , {αg}g∈G) be a partial action of
a groupoid G on a ring A and suppose that Ay is a unital ring for each y ∈ G0. Then, α
is globalizable if and only if each ideal Ag, g ∈ G, is a unital ring.
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In what follows in this section, G denotes a connected groupoid, x ∈ G0 is a fixed
object of G and τ(x) = {τy : y ∈ G0} is a transversal for x. We also fix a ring A,
a datum γ = (I, γτ(x), γ(x)) ∈ Dτ(x)(A) and β = (Bg, βg)g∈G the corresponding lifted
partial groupoid action, that is, β is the partial action of G on A given by (12) and (13).
The next result relates the existence of globalization for β with the existence of glob-
alization for γ(x).
Proposition 4.2. The partial groupoid action β of G on A is globalizable if and only
if the partial group action γ(x) of G(x) on Ix is globalizable and the ideals Iy, Iτ−1y are
unital rings, for all y ∈ G0.
Proof. Suppose that β is globalizable. By Theorem 4.1, the ideal Bg is a unital ring,
for all g ∈ G. Let 1g be a central idempotent of A such that Bg = A1g, g ∈ G. Then
Bh = A1h = A1x1h = Bx1h = Ix1h, for all h ∈ G(x). Thus, by Theorem 4.5 of [DE],
the partial group action γ(x) of G(x) on Ix is globalizable. Also, Iy = By = A1y and
Iτ−1y = Bτ−1y = A1τ−1y , for all y ∈ G0.
Conversely, since γ(x) is globalizable it follows from Theorem 4.5 of [DE] that Ih is
a unital ring for all h ∈ G(x). Hence there are central idempotents 1h of Ix such that
Ih = Ix1h. Consider also central idempotents 1y, 1τ−1y of A such that Iy = A1y and
Iτ−1y = A1τ−1y for all y ∈ G0. By (13), Bg = γτt(g)(Iτ−1t(g)
∩ γgx(Iτ−1
s(g)
∩ Ig−1x )) for all g ∈ G,
g /∈ G0. It is straightforward to check that 1g = γτt(g)(1τ−1
t(g)
γgx(1τ−1
s(g)
1g−1x )) is a central
idempotent of A that satisfies A1g = Bg, for all g ∈ G, g /∈ G0. If g = y ∈ G0 then
Bg = By = Iy = A1y. Hence, Theorem 4.1 implies that β is globalizable. 
Now we present explicitly the globalization of β for a specific type of datum γ. In
order to do this we introduce the following definition. The datum γ = (I, γτ(x), γ(x)) ∈
Dτ(x)(A) will be call globalizable if
(a) Ix is a unital ring and the partial group action γ(x) of G(x) on Ix admits a glob-
alization (Jx, γ˜(x)),
(b) there exist a ring B, a family of ideals {Jy}y∈G0 of B and a family of isomorphisms
{γ˜τy : Jx → Jy}y∈G0 of rings such that Iy is an ideal of Jy and γ˜τy(a) = γτy(a), for
all a ∈ Iτ−1y and y ∈ G0,
(c) Iτ−1y = Ix and Iτy = Iy, for all y ∈ G0.
We will denote: γ˜ = (J, γ˜τ(x), γ˜(x)), where J = {Jy}y∈G0 and γ˜τ(x) = {γ˜τy : Jx → Jy}y∈G0 .
The triple γ˜ will be call a globalization of γ in B.
Suppose that γ is globalizable. Then γτy : Iτ−1y = Ix → Iτ−1y = Iy is an isomorphism
and whence Ix = Iτ−1y and Iy = Iτy are unital rings, for all y ∈ G0. Consequently, by
Proposition 4.2, β is globalizable. The next theorem describes the globalization of β in
the case that γ is globalizable.
Theorem 4.3. If γ˜ = (J, γ˜τ(x), γ˜(x)) is a globalization of γ in B then the groupoid action
β˜ of G on B given by
β = (B˜g, β˜g)g∈G , B˜g = Jt(g), β˜g = γ˜τt(g) ◦ γ˜gx ◦ γ˜
−1
τs(g)
: Js(g) → Jt(g),
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is a globalization of β.
Proof. Clearly β˜ is a global action of G on B and β˜g(a) = βg(a), for all a ∈ Bg−1 and
g ∈ G. Notice that
Bt(g) ∩ β˜g(Bs(g)) = It(g) ∩ β˜g(Is(g))
= It(g) ∩ γ˜τt(g) γ˜gx γ˜
−1
τs(g)
(Is(g))
= Iτt(g) ∩ γ˜τt(g) γ˜gx γ˜
−1
τs(g)
(Iτs(g))
= γ˜τt(g)(Ix) ∩ γ˜τt(g) γ˜gx(Ix)
= γ˜τt(g)(Ix ∩ γ˜gx(Ix))
(∗)
= γ˜τt(g)(Igx),
where (∗) holds because (Jx, γ˜(x)) is a globalization of the partial group action γ(x) of
G(x) on Ix. On the other hand,
Bg = γτt(g)(Iτ−1
t(g)
∩ γgx(Iτ−1
s(g)
∩ Ig−1x ))
= γτt(g)(Ix ∩ γgx(Ix ∩ Ig−1x ))
= γτt(g)(Igx)
= γ˜τt(g)(Igx).
Hence, Bg = Bt(g) ∩ β˜g(Bs(g)). Note also that, for each g ∈ G, we have∑
t(h)=t(g)
β˜h(Bs(h)) =
∑
t(h)=t(g)
γ˜τt(h) γ˜hx γ˜
−1
τs(h)
(Is(h))
= γ˜τt(g)

 ∑
t(h)=t(g)
γ˜hx(Ix)


(∗∗)
= γ˜τt(g)(Jx)
= Jt(g)
= B˜g.
In order to justify (∗∗) note that the restriction of the map π : G → G(x) (see (10)) to
Tt(g) is surjective. In fact, given l ∈ G(x) we have that π(τt(g)l) = (τt(g))xlx = xl = l.
Thus,
∑
t(h)=t(g) γ˜hx(Ix) =
∑
l∈G(x) γ˜l(Ix). Since (Jx, γ˜(x)) is the globalization of γ(x) it
follows that Jx =
∑
l∈G(x) γ˜l(Ix). 
Example 4.4. Let G = {g, h, l,m, l−1,m−1} ⇒ {x, y} = G0 be the groupoid given in
Example 3.9 and fix τ(x) = {τx = x, τy = l}. Let A be a ring, σ, γ ring automorphisms of
A with σ−1 = σ and e ∈ A a central idempotent of A. Consider the datum
(
I, γτ(x), γ(x)
)
,
where
◦ I = {Ix = Ae, Iy = Aγ(e)} is the set of the ideals of A,
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◦ γτ(x) = {γτx = γx = idIx , γτy = γl = γ|Ix : Ix → Iy} is the set of ring isomorphisms,
◦ γ(x) is the partial action of G(x) = {x, g} on Ix given by γx = idIx and
γg = γg−1 = σ|Aeσ(e) : Aeσ(e)→ Aeσ(e).
The lifted partial groupoid action corresponding to this datum is the partial action
β = (Bz, βz
)
z∈G
of G on A given by
βx = idIx , βy = idIy , βg = γg, βl = γl, βm = γσ|Aeσ(e) : Aeσ(e)→ Aγ(eσ(e)),
βh = γσγ
−1|Aγ(eσ(e)) : Aγ(eσ(e)) → Aγ(eσ(e)), βl−1 = γl
−1, βm−1 = σγ
−1|Aγ(eσ(e)).
The datum
(
I, γτ(x), γ(x)
)
admits a globalization
(
J, γ˜τ(x), γ˜(x)
)
in A, where
◦ J = {Jx = Jy = A} is the set of ideals of A,
◦ γ˜τ(x) = {γ˜τx = γ˜x = idA, γ˜τy = γ} is the set of ring isomorphisms,
◦ γ˜(x) is the globalization of γ(x), i. e. γ˜(x) is the global action of G(x) on A given by
γ˜x = idA and γ˜g = σ.
By Theorem 4.3, the global action β˜ of G on A given by
β˜x = β˜y = idA, β˜g = σ, β˜h = γσγ
−1, β˜m = γσ, β˜m−1 = σγ
−1, β˜l = γ, β˜l−1 = γ
−1,
is the globalization of the partial action β.
5. The partial skew groupoid ring
In this section the partial action α = (Ag, αg)g∈G of G on the ring A is assumed
to be unital, that is, each Ag is unital with identity element denoted by 1g which is
a central idempotent of A and Ag = A1g. Also, x ∈ G0 is a fixed object of G and
τ(x) = {τy | y ∈ G0} is a transversal for x.
Suppose that G0 is finite and α is τ(x)-global. Our main goal in this section is to
prove that there exists a unital ring C and a partial group action θ of G(x) on C such
that A ⋆α G is isomorphic to C ⋆θ G(x).
We start by observing that G and G20 × G(x) are isomorphic as groupoids, where the
groupoid structure in G20 = G0 × G0 is s(y, z) = y and t(y, z) = z, for all (y, z) ∈ G
2
0 .
By Lemma 3.1 the map f : G → G20 × G(x) defined by g 7→ ((s(g), t(g)), gx), with
gx = τ
−1
t(g)gτs(g), for all g ∈ G, is a groupoid epimorphis. Suppose that f(g) is an identity
of G20 × G(x). Then f(g) = ((y, y), x) for some y ∈ G0. Hence s(g) = t(g) = y and
x = gx = τ
−1
y gτy which implies that g = τyτ
−1
y = x. This ensures that f is injective.
Lemma 5.1. If α is τ(x)-global then α∗ = (A∗u, α
∗
u)u∈G20 , given by A
∗
u = At(u) and
α∗u = ατt(u) ◦ ατ−1
s(u)
, is a global action of G20 on A.
Proof. Indeed, for any identity e = (y, y) of G20 we have that A
∗
e = Ay and α
∗
e = ατy ◦ατ−1y
is the identity map of Aτy = Ay.Moreover, if u = (y, z) and v = (r, w) are elements in G
2
0
such that the product uv exists, then uv = (r, z) and α∗u ◦α
∗
v = ατz ◦ατ−1y ◦ατy ◦ατ−1r =
ατz ◦ ατ−1r = α
∗
uv. 
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Recalling from [BP, Section 3], that the partial skew groupoid ring A ⋆α G is defined
as the direct sum
A ⋆α G =
⊕
g∈G
Agδg
(where the δg’s are placeholder symbols) with the usual addition and multiplication
induced by the rule
(aδg)(bδh) =
{
aαg(b1g−1)δgh if s(g) = t(h)
0 otherwise,
for all g, h ∈ G, a ∈ Ag and b ∈ Ah. Endowed with such a multiplication A ⋆α G has a
structure of an associative ring. If in addition the set G0 of the objects of G is finite then
A ⋆α G is also unital with identity element 1A⋆αG =
∑
y∈G0
1yδy.
Thanks to Lemma 5.1 we can consider the corresponding (global) skew groupoid ring
C = A⋆α∗ G
2
0 . In the sequel we will also see, under the same conditions listed in Lemma
5.1, that the group G(x) acts on C via an appropriate partial action θ, which will allows
us to consider the corresponding partial skew group ring C ⋆θ G(x).
In order to construct θ we start by looking for a family of ideals in C. For this purpose
set
Cz,h = ατz (Ah), for all z ∈ G0 and h ∈ G(x),(15)
and take
Ch = ⊕u∈G20Ct(u),hδu.(16)
Lemma 5.2. If α is τ(x)-global then the following statements are true:
(i) Cx = C,
(ii) If G0 is finite then Ch is a unital ideal of C, for all h ∈ G(x).
Proof. Firstly,
C = ⊕u∈G20At(u)δu
= ⊕u∈G20Aτt(u)δu
= ⊕u∈G20ατt(u)(Aτ−1t(u)
)δu
= ⊕u∈G20ατt(u)(Ax)δu
= Cx.
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Since G0 is finite, 1
′
h =
∑
z∈G0
ατz(1h)δ(z,z) is the identity element of Ch, for all h ∈ G(x).
Indeed, for every a = ατw(ah)δ(y,w) ∈ Cw,hδu, with ah ∈ Ah, one has that
a1′h =
∑
z∈G0
ατw(ah)δ(y,w)ατz (1h)δ(z,z)
= ατw(ah)δ(y,w)ατy(1h)δ(y,y)
= ατw(ah)α
∗
(y,w)(ατy(1h))δ(y,w)
(∗)
= ατw(ah)ατwατ−1y ατy(1h)δ(y,w)
= ατw(ah)ατw(1h)δ(y,w)
= ατw(ah)δ(y,w)
= a,
where (∗) follows from Lemma 5.1. By similar arguments one gets 1′ha = a. Hence 1
′
h is
a central idempotent of C and it is easy to see that Ch = 1
′
hC. 
For each (z, h) ∈ G0 × G(x) define θz,h : Cz,h−1 → Cz,h by ατz (a) 7→ ατz (αh(a)), for
all a ∈ Ah−1 . Clearly θz,h is a bijection. Moreover, these maps induce the bijection
θh : Ch−1 → Ch, given by θh(ατt(u)(a)δu) = θt(u),h(a)δu, for all a ∈ Ah−1 and u ∈ G
2
0 .
In all what follows in this section we will assume that G0 is finite.
Lemma 5.3. The pair θ = (Ch, θh)h∈G(x) is a partial action of G(x) on C.
Proof. We will proceed by steps.
Step 1: θx is the identity map of Cx = C.
It follows straightforward from the definition of θ.
Step 2: θh is multiplicative, for all h ∈ G(x).
For all a, b ∈ Ah−1 ,
θh((ατz (a)δ(y,z))(ατy (b)δ(w,y))) = θh(ατz (a)α
∗
(y,z)(ατy (b))δ(w,z))
= θh(ατz (a)ατz (ατ−1y (ατy (b)))δ(w,z))
= θh(ατz (ab)δ(w,z))
= ατz (αh(ab))δ(w,z)
= ατz (αh(a))ατz (αh(b))δ(w,z).
On the other hand,
θh(ατz (a)δ(y,z))θh(ατy (b)δ(w,y)) = ατz(αh(a))δ(y,z)ατy (αh(b))δ(w,y)
= ατz(αh(a))ατz (ατ−1y (ατy (αh(b))))δ(w,z)
= ατz(αh(a))ατz (αh(b))δ(w,z).
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Step 3: θl−1(Cl ∩Ch−1) ⊂ C(hl)−1 , for all h, l ∈ G(x).
θl−1(Cl ∩ Ch−1) = ⊕u∈G20θl−1(ατt(u)(Al ∩Ah−1)δu)
= ⊕u∈G20ατt(u)(αl−1(Al ∩Ah−1))δu
⊂ ⊕u∈G20ατt(u)(Al−1 ∩Al−1h−1)δu (for α(x) is a partial group action)
= C(hl)−1 .
Step 4: θl(θh(c)) = θhl(c), for all c = ατz(αl−1(a))δ(y,z) ∈ θl−1(Cl ∩ Ch−1).
θh(θl(c)) = θh(θl(ατz (αl−1(a))δ(y,z)))
= θh(ατz (a)δ(y,z))
= ατz (αh(a))δ(y,z).
On the other hand, since αhl = αhαl in αl−1(Al ∩Ah−1) we have
θhl(c) = ατz (αhl(αl−1(a)))δ(y,z) = ατz(αh(a))δ(y,z).
Hence θhl = θhθl in θl−1(Cl ∩Ch−1). 
Now we will prove the main result of this section.
Theorem 5.4. If α is τ(x)-global then
ϕ : A ⋆α G → (A ⋆α∗ G
2
0) ⋆θ G(x), aδg 7→ aδ(s(g),t(g))δgx
is a ring isomorphism.
Proof. We proceed again by steps.
Step 1: ϕ is well defined.
First of all we have by Lemma 5.1 that Ag ⊆ At(g) = A
∗
(s(g),t(g)), for all g ∈ G. Hence,
we only need to show that aδ(s(g),t(g)) ∈ Cgx , for all a ∈ Ag. Notice that
ατt(g)(Agx) = ατt(g)(Aτ−1
t(g)
gτs(g)
)
= ατt(g)(Aτ−1
t(g)
gτs(g)
∩Ax)
(9)
= Agτs(g) ∩Aτt(g)x
= Agτs(g) ∩Aτt(g)
(14)
= Agτs(g) ∩At(g) (Agτs(g) ⊆ At(gτs(g)) = At(g))
= Agτs(g) .
Since Ag−1 = Ag−1∩As(g)
(14)
= Ag−1∩Aτs(g) we have Ag = αg(Ag−1∩Aτs(g)) = Ag∩Agτs(g) .
Hence a ∈ Ag ⊆ Agτs(g) = ατt(g)(Agx) which implies aδ(s(g),t(g)) ∈ Cgx by (15) and (16).
Step 2: ϕ is a ring homomorphism.
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For all g, h ∈ G such that s(g) = t(h), a ∈ Ag and b ∈ Ah we have
ϕ((aδg)(bδh)) = ϕ(aαg(b1g−1)δgh)
= aαg(b1g−1)δ(s(gh),t(gh))δ(gh)x
= aαg(b1g−1)δ(s(h),t(g))δgxhx.
On the other hand
ϕ(aδg)ϕ(bδh) = (aδ(s(g),t(g))δgx)(bδ(s(h),t(h))δhx)
= (aδ(s(g),t(g)))(γgx(bδ(s(h),t(h))1
′
g−1x
))δgxhx .
Since b ∈ Ah
(14)
⊆ Ahτs(h) = ατt(h)(Ahx) there is b
′ ∈ Ahx such that b = ατt(h)(b
′) and
bδ(s(h),t(h))1
′
g−1x
= ατt(h)(b
′)δ(s(h),t(h))
∑
g∈G0
ατz(1g−1x )δ(z,z)
= ατt(h)(b
′)δ(s(h),t(h))ατs(h)(1g−1x )δ(s(h),s(h))
= ατt(h)(b
′)ατt(h)(1g−1x )δ(s(h),t(h))
= ατt(h)(b
′1g−1x )δ(s(h),t(h)).
Hence,
ϕ(aδg)ϕ(bδh) = (aδ(s(g),t(g)))(γgx(bδ(s(h),t(h))1
′
g−1x
))δgxhx
= (aδ(s(g),t(g)))(γgx(ατt(h)(b
′1g−1x )δ(s(h),t(h))))δgxhx
= (aδ(s(g),t(g)))(ατt(h)(αgx(b
′1g−1x ))δ(s(h),t(h)))δgxhx
= aατt(g)ατ−1
s(g)
ατt(h)αgx(b
′1g−1x )δ(s(h),t(g))δgxhx
= aατt(g)αgx(b
′1g−1x )δ(s(h),t(g))δgxhx
(14)
= aατt(g)(αgx(b
′1g−1x )1τ−1t(g)
)δ(s(h),t(g))δgxhx
(6)
= aατt(g)gx(b
′1(τt(g)gx)−1)1τt(g)δ(s(h),t(g))δgxhx
= aαgτs(g)(b
′1(gτs(g))−1)1τt(g)δ(s(h),t(g))δgxhx
(14)
= aαgτs(g)(b
′1(gτs(g))−1)1gδ(s(h),t(g))δgxhx
(6)
= aαg(ατs(g)(b
′1τ−1
s(g)
)1g−1)δ(s(h),t(g))δgxhx
(14)
= aαg(ατt(h)(b
′)1g−1)δ(s(h),t(g))δgxhx
= aαg(b1g−1)δ(s(h),t(g))δgxhx
= ϕ((aδg)(bδh)).
Step 3: ϕ is injective.
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Let v =
∑
g∈G agδg ∈ A ⋆α G such that ϕ(v) = 0. Then
0 =
∑
g∈G
agδ(s(g),t(g))δgx =
∑
h∈G(x)
∑
π(g)=h
agδ(s(g),t(g))δh
which implies that
∑
π(g)=h agδ(s(g),t(g)) = 0 (∗) for all h ∈ G(x) (notice that C ⋆θ G(x)
is a direct sum). Finally, it is straightforward to check that for any h ∈ G(x) and any
g, g′ ∈ π−1(h), (s(g), t(g)) = (s(g′), t(g′)) if and only if g = g′. Therefore (∗) holds if and
only if ag = 0, for all g ∈ G, and so v = 0.
Step 4: ϕ is surjective.
It is enough to check that given any element of the type ατz(a)δ(y,z)δh, with h ∈ G(x)
and a ∈ Ah, there exists an element w ∈ A ⋆α G such that ϕ(w) = ατz(a)δ(y,z)δh. To do
that observe firstly that
ατz (a) ∈ ατz(Ah) = ατz(Ah ∩Ax)
(14)
= ατz(Ah ∩Aτ−1z )
(9)
= Aτzh ∩Aτz
(14)
= Aτzh ∩Az
= Aτzh (for Aτzh ⊆ At(τzh) = At(τz) = Az).
Therefore, for g = τzhτ
−1
y we have t(g) = t(τz) = z, s(g) = s(τ
−1
y ) = y and
ατz (a) ∈ Aτzh = Aτt(g)h
(∗)
= ατt(g)(Ah)
(∗∗)
⊆ ατt(g)(Ahτ−1
s(g)
)
(∗)
= Aτt(g)hτ−1s(g)
= Aτzhτ−1y = Ag,
where (∗) is ensured by:
ατt(g)(Ah) = ατt(g)(Ah ∩Ax)
(14)
= ατt(g)(Ah ∩Aτ−1
s(g)
) = Aτt(g)h,
and (∗∗) by:
Ah = αh(Ah−1 ∩Ax)
(14)
= αh(Ah−1 ∩Aτ−1
s(g)
) = Ah ∩Ahτ−1
s(g)
⊆ Ahτ−1
s(g)
.
Now, taking w = ατz(a)δg we are done. 
The next proposition characterizes when a lifted partial action is τ(x)-global.
Proposition 5.5. A lifted partial action of G on A coming from a datum
(
I, γτ(x), γ(x)
)
in Dτ(x)(A) is τ(x)-global if and only if Iτ−1y = Ix and Iτy = Iy for all y ∈ G0.
Proof. Along the proof we will freely use the formula (13) without any mention to it.
Let β =
(
Bg, βg
)
be the lifted partial action coming from
(
I, γτ(x), γ(x)
)
. If β satisfies
(14) then Bτ−1y = Bx, for all y ∈ G0. Thus,
Bτ−1y = γτt(τ−1y )
(
Iτ−1
t(τ
−1
y )
∩ γ(τ−1y )x(Iτ−1
s(τ
−1
y )
∩ I(τ−1y )−1x )
)
= γx
(
Ix ∩ γx(Iτ−1y ∩ Ix)
)
= γx(Iτ−1y ) = Iτ−1y ,
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for all y ∈ G0 with y 6= x. Hence, Iτ−1y = Bτ−1y = Bx = Ix for all y ∈ G0. It is analogous
to verify that Iτy = Iy.
Conversely, if Iτ−1y = Ix and Iτy = Iy for all y ∈ G0, then Bg = γτt(g)(Igx) for all g ∈ G,
g /∈ G0. Particularly, Bτ−1y = Ix = Bx and Bτy = Iτy = Iy = By and whence β satisfies
(14). 
Now we introduce a definition that will be useful in the rest of the paper. A lifted
partial action β = (Bg, βg)g∈G of G on A coming from a datum
(
I, γτ(x), γ(x)
)
∈ Dτ(x)(A)
will be called γ-unital if Ix is a unital ring and γ(x) is a unital partial group action.
Remark 5.6. Let β be a lifted partial action of G on A which is τ(x)-global and γ-unital.
Then β is unital, i. e. Bg is a unital ring for all g ∈ G. Indeed, suppose that Ix = A1x
and Ih = A1h, with 1x and 1h central idempotents of A, for all h ∈ G(x). Using that β
is τ -global we obtain that Bg = γτt(g)(Igx) and whence Bg = Aγτt(g)(1gx), for all g ∈ G.
Thus Bg = A1g, where 1g = γτt(g)(1gx) is a central idempotent of A, for all g ∈ G.
Throughout the rest of this paper we will assume that G is finite, β = (Bg, βg)g∈G
will denote a fixed partial action of G on A lifted from a given datum
(
I, γτ(x), γ(x)
)
in Dτ(x)(A). We will also assume that β is τ(x)-global, γ-unital and A = ⊕y∈G0Iy =
⊕y∈G0By. As in Remark 5.6, the unit of Bg will be denoted by 1g. Precisely, Bx = Ix =
A1x, Bh = Ih = A1h and Bg = A1g where 1g = γτt(g)(1gx), for all h ∈ G(x) and g ∈ G.
6. The subring of invariants and the trace map
According to [BP] an element a ∈ A is called invariant by β if βg(a1g−1) = a1g, for
all g ∈ G. We will denote by Aβ the set of all invariants of A. Clearly, Aβ is a subring
of A.
Proposition 6.1. Let b =
∑
y∈G0
by ∈ A. Then b ∈ A
β if and only if bx ∈ B
γ(x)
x and
by = γτy(bx), for all y ∈ G0.
Proof. If b ∈ Aβ then bx1h = b1h = βh(b1h−1) = γh(bx1h−1) for all h ∈ G(x). Hence
bx ∈ B
γ(x)
x . Also, γτy(bx) = γτyγxγ
−1
x (bx1x) = βτy(b1τ−1y ) = b1τy = by, for all y ∈ G0.
Conversely, let b =
∑
y∈G0
γτy(bx), for some bx ∈ B
γ(x)
x . Then, for all g ∈ G,
βg(b1g−1) = γτt(g)γgxγ
−1
τs(g)
(b1g−1)
= γτt(g)γgxγ
−1
τs(g)
(γτs(g)(bx)γτs(g)(1g−1x )) (by assumption)
= γτt(g)γgx(bx1g−1x )
= γτt(g)(bx1gx)
= b1g.

The β-trace map is defined as the map tβ : A→ A given by tβ(a) =
∑
g∈G βg(a1g−1),
for all a ∈ A. Similarly, the β(x)-trace map corresponding to the partial action β(x) of
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G(x) over Bx is defined as the map tβ(x) : Bx → Bx given by tβ(x)(b) =
∑
h∈G(x) βh(b1h−1),
for all b ∈ Bx. Notice that, by Remark 3.4, tβ(x) = tγ(x) .
It follows from [BP, Lemma 4.2] (resp., [DFP, Lemma 2.1]) that tβ(A) ⊆ A
β (resp.,
tβ(x)(Bx) ⊆ B
β(x)
x )
Proposition 6.2. Let bx ∈ Bx and bz = γτz(bx) ∈ Bz. Then
tβ(bz) =
∑
y∈G0
γτy(tβ(x)(bx)).
Proof. Indeed,
tβ(bz) =
∑
g∈G
βg(bz1g−1)
(12)
=
∑
g∈G
γτt(g)γgxγ
−1
τs(g)
(γτz(bx)γτs(g)(1g−1x ))
=
∑
g∈Sz
γτt(g)γgx(bx1g−1x )
=
∑
l∈Sx
γτt(l)γlx(bx1l−1x ) (l = gτz)
=
∑
y∈G0
∑
l∈G(x,y)
γτyγlx(bx1l−1x )
=
∑
y∈G0
∑
h∈G(x)
γτyγ(τyh)x(bx1(τyh)−1x ) (τyh = l)
=
∑
y∈G0
∑
h∈G(x)
γτyγh(bx1h−1)
=
∑
y∈G0
γτy(
∑
h∈G(x)
γh(bx1h−1))
=
∑
y∈G0
γτy(tβ(x)(bx)).

Corollary 6.3. Suppose that a =
∑
z∈G0
bz ∈ A, with bz = γτz(cz) for some cz ∈ Bx,
for each z ∈ G0. Then, tβ(a) =
∑
y∈G0
γτy(tβ(x)(c)), where c =
∑
z∈G0
cz.
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Proof. Indeed,
tβ(a) =
∑
z∈G0
tβ(bz)
Prop.6.2
=
∑
z∈G0
∑
y∈G0
γτy(tβ(x)(cz))
=
∑
y∈G0
γτy

tβ(x)

∑
z∈G0
cz




=
∑
y∈G0
γτy(tβ(x)(c)).

Theorem 6.4. tβ(A) = A
β if and only if tβ(x)(Bx) = B
β(x)
x .
Proof. Assume that tβ is onto. Take bx ∈ B
β(x)
x and set b =
∑
y∈G0
γτy(bx) which lies in
Aβ by Proposition 6.1. Hence b = tβ(a) for some a ∈ A. Since A = ⊕z∈G0Bz and γτz
is a ring isomorphism from Bx to Bz for each z ∈ G0, it follows that a =
∑
z∈G0
γτz(cz),
with cz ∈ Bx. Therefore
∑
y∈G0
γτy(bx) = b = tβ(a)
Cor.6.3
=
∑
y∈G0
γτy(tβ(x)(c)) with
c =
∑
z∈G0
cz, which implies that bx = tβ(x)(c) ∈ tβ(x)(Bx).
Conversely, it is enough to observe that, by Propositions 6.1 and 6.2, and the assump-
tion on β(x), each element in A
β is of the form b =
∑
y∈G0
γτy(bx) = tβ(ax), with ax ∈ Bx
such that tβ(x)(ax) = bx. 
7. The related Morita theory
We start by recalling the definition of a Morita context. Given two unital rings R and
S, bimodules RUS and SVR, and bimodule maps µ : U ⊗S V → R and ν : V ⊗R U → S,
the sixtuple (R,S,U, V, µ, ν) is called a Morita context (associated with RU) if the set(
R U
V S
)
=
{(
r u
v s
) ∣∣ r ∈ R, s ∈ S, u ∈ U, v ∈ V }
with the usual addition and multiplication given by the rule(
r u
v s
)(
r′ u′
v′ s′
)
=
(
rr′ + µ(u⊗ v′) ru′ + us′
vr′ + sv′ ν(v ⊗ u′) + ss′
)
is a unital ring, which is equivalent to say that the maps µ and ν satisfy the following
two associativity conditions:
uν(v ⊗ u′) = µ(u⊗ v)u′ and vµ(u⊗ v′) = ν(v ⊗ u)v′.(17)
We say that this context is strict if the maps µ and ν are isomorphisms and, in this
case, the categories RMod and SMod are equivalent via the mutually inverse equivalences
V ⊗R − : RMod → SMod and U ⊗S − : SMod → RMod. When it happens we also say
that the rings R and S are Morita equivalent. If RU is faithfully projective, that is, RU
is faithful, projective and finitely generated, then it is enough the surjectivity of µ and
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ν in order to ensure the strictness of the above context. Similar statements equally hold
for right module categories.
7.1. About Bx ⋆β(x) G(x) and A⋆β G. In order to relate the partial skew groupoid ring
A ⋆β G and the partial skew group ring Bx ⋆β(x) G(x) we firstly recall that
Bg = γτt(g)(Igx) and βg(γτs(g)(a)) = γτt(g)(γgx(a)), for all g ∈ G, a ∈ Ig−1x .(18)
Lemma 7.1. Let R := A ⋆β G and S := Bx ⋆β(x) G(x). Then
(i) R1S =
∑
g∈Sx
Bgδg,
(ii) 1SR =
∑
g∈Tx
Bgδg,
(iii) 1SR1S = S and R1SR = R.
Proof. Let g ∈ Sx and a ∈ Bg. By (18), there exists a
′ ∈ Igx such that a = γτt(g)(a
′) and
whence
(aδg)1S = (γτt(g)(a
′)δg)(1xδx)
= γτt(g)(a
′)βg(γτs(g)(1g−1x ))δg
(18)
= γτt(g)(a
′)γτt(g)(γgx(1g−1x ))δg
= γτt(g)(a
′1gx)δg
= aδg.
For g /∈ Sx and a ∈ Bg, we have (aδg)1S = 0. Consequently, if r =
∑
g∈G agδg ∈ R then
r1S =
∑
g∈Sx
agδg and (i) follows. The proof of (ii) is similar.
For (iii), it is clear that R1SR ⊂ R. For the reverse inclusion notice that
γτt(g)(a
′)δg = γτt(g)(a
′)γτt(g)(1gx)δg = (γτt(g)(a
′)δτt(g))(1gxδτ−1
t(g)
g),
for all g ∈ G and a′ ∈ Igx. By (ii), 1gxδτ−1
t(g)
g ∈ 1SR. Hence γτt(g)(a
′)δg ∈ R1SR. 
Fix the (R,S)-bimodule U := R1S and the (S,R)-bimodule V := 1SR. Define also
the bimodule map µ : U ⊗S V → R (resp. ν : V ⊗R U → S) given by u⊗ v 7→ uv (resp.
v ⊗ u 7→ vu), for all u ∈ U , v ∈ V . With this notation we have the following result.
Theorem 7.2. The sixtuple (A ⋆β G, Bx ⋆β(x) G(x), U, V, µ, ν) is a Morita context and
µ, ν are surjective.
Proof. It is straightforward to check that µ, ν satisfy (17). By Lemma 7.1 (iii), µ and ν
are surjective maps. 
7.2. About Aβ and A ⋆β G. According to [BP, § 4] A is a (A
β, A ⋆β G)-bimodule
and a (A ⋆β G, A
β)-bimodule. The left and the right actions of Aβ on A are given by
the multiplication of A, and the left (resp., right) action of A ⋆β G on A is given by
aδg · b = aβg(b1g−1) (resp., b · aδg = βg−1(ba)), for all a, b ∈ A and g ∈ G.
Moreover, the maps
Γ : A⊗A⋆βG A→ A
β, a⊗ b 7→ tβ(ab)
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and
Γ′ : A⊗Aβ A→ A ⋆β G, a⊗ b 7→
∑
g∈G
aβg(b1g−1)δg,
are bimodule morphisms. By [BP, Proposition 4.4], the sixtuple (A⋆β G, A
β , A,A,Γ,Γ′)
is a Morita context. Furthermore, the sixtuple (Bx ⋆β(x) G(x), B
β(x)
x , Bx, Bx,Γx,Γ
′
x) is
also a Morita context constructed in a similar way as the previous one for the partial
group action of G(x) on Bx (see [AL, Theorem 1.5]).
Corollary 7.3. Γ is surjective if and only if Γx is surjective.
Proof. Since A (resp. Bx) is a unital ring, it is easy to see that Γ (resp. Γx) is surjective if
and only if tβ (resp. tβ(x)) is surjective. Hence, the result follows from Theorem 6.4. 
Lemma 7.4. Γ′ is surjective if and only if Γ′x is surjective.
Proof. (⇒) Let bδh ∈ Bx ⋆β(x) G(x) with b ∈ Bh ⊆ Bx. Consider bδh as in element of
A⋆β G and the ring isomorphism ϕ : A⋆β G → (B ⋆β⋆ G
2
0) ⋆θ G(x), aδg 7→ aδ(s(g),t(g))δgx ,
given in Theorem 5.4. Since Γ′ is surjective, there exist ai, bi ∈ A, 1 ≤ i ≤ r, such that
ϕ ◦ Γ′

 ∑
1≤i≤r
ai ⊗ bi

 = ϕ(bδh) = bδ(x,x)δh.
We can assume that ai =
∑
z∈G0
γτz(a
′
i,z) and bi =
∑
z∈G0
γτz (b
′
i.z) with ai, bi ∈ Bx, for
all 1 ≤ i ≤ r. Then
ϕ ◦ Γ′

 ∑
1≤i≤r
ai ⊗ bi

 = ∑
1≤i≤r
∑
g∈G
aiβg(bi1g−1)δ(s(g),t(g))δgx
=
∑
1≤i≤r
∑
g∈G
aiγτt(g)γgxγτ−1
s(g)
(γτs(g)(b
′
i,s(g)1g−1x ))δ(s(g),t(g))δgx
=
∑
1≤i≤r
∑
g∈G
aiγτt(g)γgx(b
′
i,s(g)1g−1x )δ(s(g),t(g))δgx
=
∑
1≤i≤r
∑
g∈G
γτt(g)(a
′
i,t(g)γgx(b
′
i,s(g)1g−1x ))δ(s(g),t(g))δgx .
Hence,
bδ(x,x)δh =
∑
1≤i≤r
∑
g∈G
γτt(g)(a
′
i,t(g)γgx(b
′
i,s(g)1g−1x ))δs(g),t(g))δgx
which implies that∑
1≤i≤r
a′i,xγh(b
′
i,x1h−1) = b and
∑
1≤i≤r
a′i,xγl(b
′
i,x1l−1) = 0
if l 6= h, l ∈ G. Thus Γ′x(
∑
1≤i≤r a
′
i,x ⊗ b
′
i,x) = bδh and Γ
′
x is surjective.
(⇐) Conversely it is enough to check that for any element of the form v = γτz(a)δ(y,z)δh
in (A ⋆β⋆ G
2
0) ⋆θ G(x), with a ∈ Ah and y, z ∈ G0, there exists w ∈ A ⊗ A such that
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ϕ ◦ Γ′(w) = v. Observe that aδh ∈ Bx ⋆ β(x)G(x) and whence there exist ax,i, bx,i ∈ Bx
such that aδh = Γ
′
x(
∑
1≤i≤r ax,i ⊗ bx,i) =
∑
l∈G(x)
∑
1≤i≤r ax,iγl(bx,i1l−1)δl. Thus∑
1≤i≤r
ax,iγh(bx,i1h−1) = a and
∑
1≤i≤r
ax,iγl(bx,i1l−1) = 0 if l 6= h, l ∈ G(x).(19)
Now setting ai = γτz(ax,i) and bi = γτy(bx,i) in A one has
ϕ ◦ Γ′

 ∑
1≤i≤r
ai ⊗ bi

 = ∑
1≤i≤r
∑
g∈G
aiβg(bi1g−1)δ(s(g),t(g))δgx
=
∑
1≤i≤r
∑
g∈G
γτz (ax,i)γτt(g)γgxγ
−1
τs(g)
(γτy(bx,i)γτs(g)(1g−1x )δ(s(g),t(g))δgx
=
∑
1≤i≤r
∑
g∈G(y,z)
γτz (ax,iγgx(bx,i1g−1x ))δ(y,z)δgx
=
∑
g∈G(y,z)
γτz (
∑
1≤i≤r
ax,iγgx(bx,i1g−1x ))δ(y,z)δgx
(19)
= γτz(a)δ(y,z)δh.

Theorem 7.5. If A is a finitely generated projective (resp., Bx) left A
β (resp., B
β(x)
x )-
module then the following statements are equivalent:
(i) The Morita context (Aβ , A ⋆β G, A,A,Γ,Γ
′) is strict.
(ii) The Morita context (B
β(x)
x , Bx ⋆β(x) G(x), Bx, Bx,Γx,Γ
′
x) is strict.
Proof. It follows from Lemmas 7.3 and 7.4. 
7.3. Galois theory. The notion of partial Galois extension for partial groupoid actions
was introduced in [BP] as a generalization of the classical one for group actions due
to S.U. Chase, D.K. Harrison and A. Rosenberg in the global case [CHR] and to M.
Dokuchaev, M. Ferrero and the second author in the partial case [DFP]. This notion in
both cases is very closed related with the strictness of the Morita context associated to
it as well ensured by [BP, Theorem 5.3] and [AL, Theorem 3.1].
We say that A is a β-partial Galois extension of its subring of invariants Aβ (recalling
that G was assumed to be finite) if there exist elements ai, bi ∈ A, 1 ≤ i ≤ r, such that∑
1≤i≤r aiβg(bi1g−1) = δy,g1y, for all y ∈ G0, where δy,g denotes the Kronecker symbol.
This is equivalent to say that the map Γ′ defined in the previous subsection is a ring
isomorphism (cf. assertion (vi) in [BP, Theorem 5.3]). Furthermore, in this case A is
also projective and finitely generated as a right Aβ-module. (cf. assertion (ii) in [BP,
Theorem 5.3]).
The following theorem shows how really closed are the Galois theory for partial con-
nected groupoid actions and the one for partial group actions.
Theorem 7.6. The following statements are equivalent:
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(i) A is a partial Galois extension of Aβ and tβ is onto.
(ii) (Aβ , A ⋆β G, A,A,Γ,Γ
′) is strict.
(iii) (B
β(x)
x , Bx ⋆β(x) G(x), Bx, Bx,Γx,Γ
′
x) is strict.
(iv) Bx is a partial Galois extension of B
β(x)
x and tβ(x) is onto.
Proof. It is an immediate consequence of Theorem 6.4, Theorem 7.5, of [BP, Theorem
5.3] and [AL, Theorem 3.1]. 
8. Separability, Semisimplicity and Frobenius properties
In this section we analyze the properties of separability, Frobenius and semisimplicity
concerning to the extensions A ⊂ A ⋆β G and Bx ⊂ Bx ⋆β(x) G(x).
8.1. Separability and semisimplicity. A unital ring extension R ⊂ S is called separa-
ble if the multiplication map m : S⊗R S → S is a splitting epimorphism of S-bimodules.
This is equivalent to say that there exists an idempotent of separability of S over R,
i. e. an element x ∈ S ⊗R S such that sx = xs, for all s ∈ S, and m(x) = 1S . A
ring extension R ⊂ S is left (right) semisimple if any left (right) S-submodule N of a
left (right) S-module M having an R-complement in M , has an S-complement in M .
Further details on separable and semisimple extensions can be seen in [DI], [HS] and
[CIM].
Remark 8.1. It is well-known that any separable extension is a left (right) semisimple
extension (see for instance [CIM]).
For the partial action β of G on A we associate the maps, as introduced in [BPi],
ty,z : A→ A and tz : A→ A given by
ty,z(a) =
∑
g∈∈G(y,z)
βg(a1g−1), tz(a) =
∑
y∈G0
ty,z(a), y, z ∈ G0, a ∈ A.
Notice that ϕ : A → A ⋆β G, a 7→
∑
y∈G0
(a1y)δy, is a monomorphism of rings and
whence A ⋆β G is an extension of A. Moreover, ϕ induces the following (A,A)-bimodule
structure on A ⋆β G:
a · (agδg) = aagδg, (agδg) · a = agβg(a1g−1)δg, g ∈ G, a ∈ A.(20)
Now we can present the main result of this subsection.
Theorem 8.2. The following statements are equivalent:
(i) there is an element a in the center C(A) of A such that ty(a) = 1y for all y ∈ G0,
(ii) there is an element b in the center C(Bx) of Bx such that tβ(x)(b) = 1x,
(iii) Bx ⊂ Bx ⋆β(x) G(x) is separable,
(iv) A ⊂ A ⋆β G is separable.
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Proof. (i) ⇒ (ii) Let a ∈ C(A) such that ty(a) = 1y for all y ∈ G0. Observe that
a =
∑
z∈G0
γτz (a
′
z) with a
′
z ∈ C(Bx) for each z ∈ G0. Also,
ty,x(a) =
∑
g∈G(y,x)
γτxγgxγ
−1
τy (aγτy(1g−1x ))
=
∑
g∈G(y,x)
γgxγ
−1
τy (γτy(a
′
y1g−1x ))
=
∑
g∈G(y,x)
γgx(a
′
y1g−1x )
=
∑
h∈G(x)
γh(a
′
y1h−1) (h = gτy)
= tβ(x)(a
′
y).
Hence, 1x = tx(a) =
∑
y∈G0
tβ(x)(a
′
y) = tβ(x)(b), where b =
∑
y∈G0
a′y ∈ C(Bx).
(ii)⇒ (i) Conversely, assume that there exists b ∈ C(Bx) such that tβ(x)(b) = 1x. Notice
that b ∈ C(A), ty,z(b) = 0 if y 6= x and
tx,z(b) =
∑
g∈G(x,z)
γτzγgx(b1g−1x ) = γτz(tβ(x)(b) = γτz(1x) = 1z .
Consequently, tz(b) = 1z for all z ∈ G0.
Moreover, by [BLP, Theorem 3.1] we have that (ii) ⇔ (iii) and [BPi, Theorem 4.1]
implies that (i) ⇔ (iv). 
Corollary 8.3. If the equivalent statements of Theorem 8.2 hold then the ring extensions
Bx ⊂ Bx ⋆β(x) G(x) and A ⊂ A ⋆β G are semisimple.
Proof. It follows from Remark 8.1 and Theorem 8.2. 
8.2. Frobenius property. A ring extension R ⊂ S is called Frobenius if there exist an
element u =
∑n
i=1 si1 ⊗ si2 ∈ S ⊗R S and an R-bimodule map ε : S → R such that x is
S-central and
∑n
i=1 ε(si1)si2 =
∑n
i=1 si1ε(si2) = 1. More details on Frobenius extension
can be seen, for example, in [CIM].
Theorem 8.4. The extensions A ⊂ A ⋆β G and Bx ⊂ Bx ⋆β(x) G(x) are Frobenius.
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Proof. Consider u =
∑
g∈G 1gδg ⊗ 1g−1δg−1 ∈ A ⋆β G ⊗A A ⋆β G and note that
(alδl)u =
∑
g∈G
alδl1gδg ⊗ 1g−1δg−1
=
∑
g∈Ts(l)
alβl(1g1l−1)δlg ⊗ 1g−1δg−1
=
∑
h∈Tt(l)
al1hδh ⊗ 1h−1lδh−1l (h = lg)
(20)
=
∑
h∈Tt(l)
1hδh · βh−1(al1h)⊗ 1h−1lδh−1l
=
∑
h∈Tt(l)
1hδh ⊗ βh−1(al1h)δh−1l
=
∑
h∈Tt(l)
1hδh ⊗ 1h−1δh−1alδl
= u(alδl),
for all l ∈ G and al ∈ Bl. Hence, u is A ⋆β G-central. Note that ε : A ⋆β G → A given by
ε(agδg) = δg,G0ag =
{
ag, if g ∈ G0
0, otherwise
is an R-bimodule map. Moreover,∑
g∈G
ε(1gδg)1g−1δg−1 =
∑
g∈G
1gδg1g−1ε(δg−1) =
∑
y∈G0
1yδy = 1.
Thus A ⊂ A ⋆β G is a Frobenius extension. The second assertion is an immediate
consequence of [BLP, Theorem 3.6]. 
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